Abstract-Over the past decade, many works on the modeling of wireless networks using stochastic geometry have been proposed. Results about probability of coverage, throughput or mean interference, have been provided for a wide variety of networks (cellular, ad-hoc, cognitive, sensors, etc). These results notably allow to tune network protocol parameters. Nevertheless, in their vast majority, these works assume that the wireless network deployment is flat: nodes are placed on the Euclidean plane. However, this assumption is disproved in dense urban environments where many nodes are deployed in high buildings. In this letter, we derive the exact form of the probability of coverage for the cases where the interferers form a 3D Poisson Point Process (PPP) and a 3D Modified Matern Process (MMP), and compare the results with the 2D case. The main goal of this letter is to show that the 2D model, although being the most common, can lead either to an optimistic or a pessimistic evaluation of the probability of coverage depending on the parameters of the model.
I. INTRODUCTION
Stochastic geometry have been largely used to study and design wireless networks, because in such networks the interference and thus the capacity is highly dependent on the positions of the nodes. Stochastic geometry indeed allows to take into account the spatial component for the analysis of wireless systems performance. Nevertheless, most of the works in the literature focus on networks deployed on an Euclidean plane. The motivation for this work comes from the intuition that for WiFi private networks or sensor networks deployed in dense urban areas, modeling the network by projecting all the nodes on a plane will lead to an inaccurate representation of the interference suffered by a node. We think that with the explosion of the number of devices expected in the ISM bands, notably because of smartphones, tablets, connected objects (Internet of Things) and sensors, there is a need for an accurate modeling of the interference suffered by such devices in dense urban areas. In order to be accurate, the third space dimension has to be taken into account.
In this letter, we take the example of private WiFi networks in a dense urban area such as the center of Paris. We consider, for the numerical applications in this letter, the VIe arrondissement of Paris which contains around 32500 dwellings [1] and covers a surface of 2.15km 2 . We assume that each dwelling has one WiFi router. In the 2D case, they form a Poisson Point Process (PPP) on the plane. In the 3D case, they are also spread In the remainder of this letter, we derive the probability of coverage, first with no medium access control, and then with a CSMA access when nodes are distributed according to a 3D PPP. We can note that, the PPP seems to be a good model for dense urban areas where many networks are concurrently deployed in the same frequency bands in a chaotic manner (unlike cellular networks, for WiFi and IoT networks no planned deployment can be assumed in general [2] ).
II. RELATED WORKS
Even if most of the research efforts are focused on 2D networks, 3D networks have been investigated from the capacity point of view [3] [4] and scaling laws have been provided. Nevertheless in this work we focus on the stochastic geometric approach to the study of wireless networks in the sense of [5] . Whereas, many theoretical works focusing on stochastic geometry for wireless networks consider dimension d [5] , when it comes to applications, the chosen space is nearly always the Euclidean plane [6] [5] [7] . The 3D case is, to the best of our knowledge, not covered explicitly. In the remainder of this letter we show how the probability of coverage is changed when going from 2D to 3D for Poisson distributed nodes in the simple case where all nodes can be interferers and in the case a CSMA access protocol is used. We also show that going from 2D to 3D is not trivial especially in the CSMA case because changing the dimension dramatically affect the form and thus the tractability of the expressions.
III. 3D POISSON POINT PROCESS INTERFERENCE
In this section we derive the probability of coverage for a terminal at distance d of the emitter when the interferers are distributed according to a PPP Φ in R
3
. Whereas it is already given for R n and for R 2 in [5] , here we find interesting to emphasis the differences between the 3D and 2D cases and to show that considering the latter can lead to inaccurate representation of the interference. We consider an interference limited network. We thus use the Signal to Interference Ratio (SIR), which is defined as follows:
(1) with h the fading coefficient between the emitter and receiver, d the emitter-receiver distance, α the pathloss exponent and I = � i∈Φ g i r −α i the interference where g i is the fading This work has been submitted to the IEEE for possible publication. Copyright may be transferred without notice, after which this version may no longer be accessible.
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coefficient between the interferer x i ∈ Φ and the receiver and r i the distance between them. As in [6] [8], we assume that all the nodes emit with the same power so it is simplified in the expression of the SIR. We have to note that unlike many works in the literature, we do not consider that the receiver is connected to the nearest node of the PPP because it is not always the case for the type of networks we consider (private WiFi is a good example) so the probability of coverage depends on the emitter-receiver distance. The probability of coverage is defined as the probability that the SIR is over a given threshold β.Its expression for Rayleigh fading between the emitter and receiver can be derived by the classic argument notably found in [5] and is equal to the Laplace transform of the interference shot noise in interference limited networks:
The expression of the Laplace transform for the 3D PPP case is as follows: )dv . We note that the solution of the integral is highly different for the same pathloss exponent α for the 2D and 3D cases, and that the exponential decay is in d 2 in the 2D case. We give the closed form for α = 4 for the 3D case:
(2) In Fig. 1 , we plot P c (ρ, β, 4, d) for the 2D and 3D cases with λ and ρ from Section I and β = 10, the plot is in function of d. Interestingly, the curves are crossing each others meaning that the P c in the 2D case is underestimated when the receiver is close to the emitter, and farther it is, on the contrary, overestimated. Given the steepness of the decay, the error might be important. We note that the P c is getting very rapidly low (after few meters P c goes to zero) which is not realistic. We observe this because, in this simple case, all the nodes transmit at the same time, whereas it is not the case in reality where a MAC protocol is used.In the remainder of this 
IV. 3D MODIFIED MATERN PROCESS INTERFERENCE
In this section we treat the 3D case for the Modified Matern type II Process (MMP) which is considered in many works [6] [7] in order to model CSMA access. Since the exact Laplace transform is not known for the Matern process, the technique used in the previous section cannot be applied directly. In previous works, several different approximation techniques are used [6] [8] [10] [7] . In this letter, we use the technique of [7] which consists in: 1) assuming a finite region containing the potential contenders for a node; 2) deriving the resulting MMP intensity ρ csma ; 3) considering only dominant interferers; 4) approximating the MMP with a PPP of intensity ρ csma outside of the emitter contention domain. This technique allows to obtain an expression of the probability of coverage for the MMP, whereas the exact expression is not known. It is detailed for the 3D case in the remainder of this section.
A. The Modified Matern type II Process
In this part of the letter, we use a modified version of the Matern type II process [6] . The classic Matern type II process is built from a marked PPP: each point of the PPP is marked with a real m ∈ [0, 1] and the PPP is thinned by retaining the points which have the smallest mark in a ball of radius D centered on the point. Formally,
, m i the mark of point x i and B(x i , D) a ball of radius D centered on x i . In the modified version of the process, there is no fixed radius D, but the radius is replaced by the notion of detection: a node from the marked PPP is kept in the MMP if it does not detect any signal from a node with a lower mark. The signal from a node is detected if it is above a threshold T d . So formally the process is defined as Φ m = {x i ∈ Φ|m i < m j , ∀x j : P t h ij r −α ij ≥ T d }, with P t the transmission power, h ij and r ij the fading coefficient and distance between x i and x j respectively.
The MMP allows to model the position of the nodes accessing the medium concurrently with a CSMA MAC. The underlying PPP represents the positions of the nodes. Although we use the approximation technique from [7] , we keep the usual modified version of the Matern type II process instead of the extended version found in [7] . Moreover we derive the expressions specifically for Rayleigh fading in the 2D and 3D cases, whereas [7] keeps general distribution and is only for the 2D case.
B. Detection radius
The region which contains the contenders of a node (the nodes which can be detected) presents an irregular shape because of the randomness of the fading coefficients. Nevertheless, as in [7] , we use the technique consisting in considering a fixed radius, called the detection radius (denoted r d ), outside of which the probability that a node is detected is arbitrary low (denoted �). Thus the contenders of node x i are contained in B(x i , r d ) which is a ball in the 3D case. It allows to simplify the expressions without losing too much accuracy [7] . Formally, the detection radius is defined as follows:
Hij (�)
C. The intensity of the Modified Matern Process
The intensity of the resulting process (considering only contenders in B(x i , r d )) is given as ρ csma = ρP csma [9] , with P csma the probability for a node of the underlying PPP to be retained and ρ the intensity of the PPP. Thus P csma is the probability that among the contenders of the test node x i (the nodes of Φ which are inside B(x i , r d ) and that are detected by x i ) none have a smaller mark than x i .
Formally, it is given as:
The details of the argument are similar as those of [7] and are not reproduced here due to the lack of space. P n and P d are respectively the probability to have n nodes in B(x i , r d ) and the probability to detect a node which is in B(x i , r d ). P n is thus the probability that there is n nodes in a volume of (4/3)πr 3 d which is given by the Poisson distribution. For P d , in the 3D case we have:
with Γ(a) and Γ(a, b) the Gamma function and incomplete upper Gamma function and (f) follows from H ij ∼ exp(µ) and f Rij (r ij ) = It differs from the 2D case where f Rij (r ij ) is
, but the expression remains reasonably easily computable (Gamma functions can be efficiently computed).
The intensity of the MMP is thus:
D. Dominant interferers vulnerability radius
Once we have obtained the intensity of the MMP, we consider only the interferers which can corrupt the signal on their own and we assume that they all lie in a region around the test receiver, called the vulnerability region. Similarly to the detection radius, we define the vulnerability radius as the radius for which nodes beyond that limit have an arbitrary low probability (again noted �) to make the SIR at the receiver drop under the reception threshold. The receiver is placed at the origin and noted o. The test emitter is part of the process and noted x i . Formally the vulnerability radius is defined as follows: 
E. Probability of outage
We give an approximation of the outage probability (P o = 1 − P csma c ) for a typical receiver at the origin. As in [7] , the MMP is approximated with a PPP of the same intensity outside of the contention domain of the emitter x i , this approximation is known to be very close to simulation results [7] . In this context, the probability of outage is thus the probability that among the nodes in the vulnerability radius which coexist with x i (outside of the contention region of x i ) some will be able to make the SIR drop under the threshold β. Formally, it is given as:
v . The full detail argument for this result is given in [7] . Deep differences from the 2D case are found in the expressions of P d � and P β derived below (and also in the expression of ρ csma as shown in Section IV-C). P d � is the probability for a node in B(o, r v ) to be in the contention domain of x i :
here the expression of f Rij (r ij ) changes from the one in Section IV-C because we are no more interested in B(x i , r d ) but rather in B(o, r v ):
Interestingly, we note that the second piece of the expression of f Rij (r ij ) is rational whereas in the 2D case it includes trigonometric functions (arcsine) [7] . It allows to have an exact expression for P d � in the 3D case (not reproduced here because of the large number of terms and the lack of space) whereas, to the best of our knowledge, numerical integration has to be used in the 2D case.
P β is the probability that a node in B(o, r v ) is able to make the SIR at the receiver drop under the reception threshold β: , and ρ and λ from Section I. First we have to note that in this case, the communication range is more realistic (even if in reality in dense urban environment, we can expect a pathloss exponent greater than 4). We still observe the same effect as in the PPP case: the curves are crossing each others. Thus for CSMA and with the considered parameters, the probability of coverage is underestimated close to the emitter and overestimated farther.
V. CONCLUSION AND FUTURE WORKS
In this letter, we extend two well known results of probability of coverage to the 3D case: PPP interference and MMP interference. We show that abusively considering 2D networks when they are 3D can lead to either overestimating or underestimating the probability of coverage depending on the model parameters. We also notice interesting differences in the integral forms of the expressions when going from 2D to 3D which notably affect their tractability.
In the future we plan to compare the model with WiFi traces collected in dense urban areas in order to validate that the probability of coverage follows the 3D stochastic model rather than the 2D. Moreover, it would be interesting to introduce a fourth dimension in the process in order to account for the packet arrivals which are spread in time.
